Late-time cosmology in the extended cuscuton theory is studied, in which gravity is modified while one still has no extra dynamical degrees of freedom other than two tensor modes. We present a simple example admitting analytic solutions for the cosmological background evolution that mimics ΛCDM cosmology. We argue that the extended cuscuton as dark energy can be constrained, like usual scalar-tensor theories, by the growth history of matter density perturbations and the time variation of Newton's constant.
obtain criteria for the model to satisfy the viability requirements. We find that this model can mimic the cosmological background evolution in the ΛCDM model, though the dynamics of the density fluctuations in general deviates from the one in the ΛCDM case. Finally, we summarize our discussion in §V.
II. THE MODEL
In [26] , the extended cuscuton model was obtained as a class of DHOST (more precisely, GLPV) theories in which the scalar field is nondynamical. In the present paper, we focus on a subclass where the speed of gravitational waves, c GW , is equal to that of light, c light (:= 1). This is partly for simplicity and partly because the recent simultaneous observation of the gravitational waves GW170817 and the γ-ray burst 170817A emitted from a neutron star binary showed that c GW coincides with c light to a precision of 10 −15 at least in the low-redshift universe (z 0.01) [41] [42] [43] [44] . This subclass is described by the following action [26] :
where X := −g µν ∂ µ φ∂ ν φ/2 and R is the Ricci tensor. In the extended cuscuton theory, the functions in the Lagrangian are required to have the following particular form:
where u 2 , v 2 , v 3 , and v 4 are arbitrary functions of φ, and a subscript φ denotes a derivative with respect to φ. Note that the original cuscuton model proposed in [25] amounts to the choice v 3 = 0 and v 4 = M 2 Pl /2. A caveat is that the extended cuscuton models have a nondynamical scalar field only when the gradient of the scalar field is timelike. When ∂ µ φ is spacelike, φ remains dynamical [26] . This is similar to what happens in the extended Galileons [45] and U-degenerate theory [46] , where a would-be unstable extra DOF becomes nondynamical when ∂ µ φ is timelike.
As established in [26] , the model (1) is guaranteed to have less-than-three DOFs provided that the gradient of the scalar field is timelike. The authors of [27] performed a more detailed Hamiltonian analysis to show that one needs an additional condition in general to ensure the two-DOF nature, or otherwise there remains an extra half DOF. In order for the specific model (1) to have exactly two DOFs, v 4 should be a nonvanishing constant. However, we consider φ-dependent v 4 in this paper, as this potentially pathological half DOF does not show up in the present cosmological setup.
III. COSMOLOGY

A. Background
We study a homogeneous and isotropic universe in the presence of a matter field, and hence consider the following action:
The metric g µν and cuscuton φ are assumed to have the form
In order to mimic barotropic perfect fluid, we write the matter Lagrangian L m in terms of a scalar field χ as
Here, χ is assumed to be a function of t only. Then, the energy density, pressure, and squared sound speed of χ are respectively written as
where P Y := dP/dY . We substitute the ansatz (4) into the action (3), from which we can derive the field equations for N , a, φ, and χ. Among these EOMs, we focus on those for N , a, and φ since only three of the four EOMs are independent. Note that the EOM for N cannot be reproduced from the other EOMs. Therefore, one may set N = 1 only after deriving the EOM for N [47] . When we consider late-time cosmology where only the dust component is important, we may set p m = 0 and c s = 0. One may naively think that this dust limit is ill-defined in the present case where we mimic perfect-fluid matter by (5) , since p m → 0 implies L m = P (Y ) → 0. Nevertheless, once we rewrite every P and its derivative in terms of ρ m , p m , and c s , we can safely take the dust limit [48] .
In deriving the field equations, we assumeφ > 0 to fix the branch of the square root originating from the term √ 2X in (2) . One could in principle assumeφ < 0 instead, and in that case one should replace v 2 → −v 2 in the following analysis. The Euler-Lagrange equations for N and a read, respectively,
The Euler-Lagrange equation for φ is written as
Taking a linear combination 4v 4 E φ − 3v 3 E a , one can simultaneously removeḢ andφ to obtain a constraint equation, which is a property of the extended cuscuton models. Note that, when v 3 = 0, there is noḢ orφ in E φ from the beginning. It should also be noted that one can obtain the continuity equationρ m + 3H(ρ m + p m ) = 0 by combining the EOMs (7), (8) , and (9) .
In what follows, let us discuss some viability requirements for the present framework to serve as a dark energy model. Later in §IV, these requirements are used to constrain model parameters.
[A] Asymptotic behavior of the Hubble parameter
We require the following asymptotic behavior for the Hubble parameter:
so that it behaves as in the matter-dominated universe for t → t i (with t i being some early initial time) and the de Sitter universe for t → ∞.
[B] Accelerating universe at the present time Whether the universe is experiencing an accelerated expansion can be judged by looking at the Hubble slow-roll parameter ǫ H := −Ḣ/H 2 . Sinceä ∝ 1 − ǫ H , the accelerated (decelerated) expansion corresponds to ǫ H < 1 (ǫ H > 1). We require that the current value of ǫ H should be less than unity.
[C] Positiveφ Since we assumedφ > 0 as mentioned above, we require thatφ must remain positive throughout its time evolution.
[D] Positive nonminimal coupling function A negative coupling to the Ricci scalar leads to unstable tensor perturbations. Moreover, it also results in negative Newton's constant, as we shall see in the next section. Therefore, we require that G 4 = 2v 4 (φ) > 0.
B. Scalar perturbations
To derive the evolution equation for the matter density fluctuations, we consider scalar perturbations around the cosmological background (4) . We keep p m and c s for the moment, and the dust limit is taken in the final step. We choose the unitary gauge for the cuscuton field, φ = φ(t), and write the metric as
where δN , ψ, and ζ are scalar perturbations. The matter field also fluctuates as χ = χ(t) + δχ(t, x), and δχ is related to the gauge-invariant density fluctuation of the χ field as
Below, we work in the Fourier space. To recast the real-space Lagrangian into the Fourier-space one, we first perform integration by parts so that each variable has an even number of spatial derivatives, followed by the replacement ∂ 2 → −k 2 . We then proceed to reexpress the Lagrangian in terms of δ instead of δχ. The Lagrangian contains the following terms associated with δχ:
where ξ denotes the terms that are linear in δN , ψ, and ζ. One can add the following term to L without changing the dynamics:
because upon substituting the solution to the Euler-Lagrange equation for δ, namely, Eq. (12), this Lagrangian vanishes. Note that the overall normalization of (14) is chosen so that L ′ := L + L δχ→δ is linear inδ χ. Consequently, one can eliminate δχ by use of its EOM and we are left with the quadratic action written in terms of (δN, ψ, ζ, δ):
where we have defined
Eliminating δN and ψ by the use of their EOMs, the Lagrangian can be written in the form
Finally, by integrating out ζ, we obtain the quadratic action for δ as
from which we obtain the evolution equation for δ as follows:
A caveat should be added here. In the case of generic scalar-tensor theories where the scalar field is dynamical, we still have an additional dynamical DOF other than δ at this stage. In order to extract the effective dynamics of the density fluctuations on subhorizon scales, one usually makes the quasi-static approximation. In the present case of the extended cuscutons, however, the quadratic action is written solely in terms of the density fluctuations even before taking the subhorizon limit. This is one of the distinct properties of cuscuton-like theories.
In what follows, we consider a dust fluid with p m = 0 and c s = 0. Then, the coefficients A and B are respectively written as
with
In the subhorizon limit, Eq. (19) reduces to the following form:
where we have defined the effective gravitational coupling G eff for the density fluctuations as
The Poisson equations for the gauge-invariant gravitational potentials, Ψ = δN +ψ and Φ = −ζ − Hψ, are given by
whereḠ eff is defined by
Note that, if and only ifv 4 (2v 4 + 2v 4 H − Θ) = 0, i.e., v 4φ = 0 or v 3 + 4v 4φ = 0, we have G eff =Ḡ eff so that the so-called gravitational slip parameter η := Ψ/Φ is equal to unity as in GR.
It is important to see the difference between the above effective gravitational coupling for linear density fluctuations and the locally measured value of Newton's constant, G N . To evaluate G N in the extended cuscuton theory, one can closely follow the discussion for the Vainshtein solution of [49] . Although φ is not dynamical in the present setup due to the particular choice of the functions in the action (1), this "cuscuton tuning" does not change the procedure to derive a static and spherically symmetric solution in the weak gravity regime. Thus, regardless of whether φ is dynamical or not, its nonlinearities play an essential role below a certain scale to reproduce Newtonian gravity, provided that G 3X = 0. It then follows that G N is given by [49] 
which is different from G eff as long as v 3 + 4v 4φ = 0. Note that G N depends on time and is not actually a constant since v 4 is a function of φ, which varies in time.
To sum up, although φ is nondynamical in the extended cuscuton theory, the evolution of density fluctuations is modified in the same way as in usual scalar-tensor theories.
IV. EXACTLY SOLVABLE MODEL
In the previous section, we obtained the background field equations, the effective gravitational coupling G eff , and the Newton's constant G N for generic models described by (1) . Now, we turn to more specific discussions using a simple subclass which can be solved analytically.
*1 Some assumptions on the size of various coefficients are made in [49] . All these assumptions are valid as well in the extended cuscuton theory if it accounts for the present accelerated expansion of the Universe.
A. The Lagrangian and basic equations
We consider the extended cuscuton theory with a quadratic nonminimal coupling,
which corresponds to the following choice of the functions in (2):
Here, M * , µ, α, β, and m are nonvanishing constant. Note that the original cuscuton corresponds to the limit µ → 0 and β → 0, and hence the terms with µ or β characterize the difference from the original model. Note that nonvanishing µ leads to G 3X = 0, meaning that Newtonian gravity is reproduced except for the time dependence of G N . The field equations read
where we have set p m = 0. We use the redshift z := a(t 0 )/a(t) − 1 (with t 0 being the present time) as the time coordinate. Provided that the scale factor is monotonically increasing from zero to infinity in time, then z = ∞ corresponds to the initial time and z = −1 formally corresponds to the infinite future. Let us define the following dimensionless variables:
where H 0 := H(z = 0). In terms of the dimensionless variables, Eqs. (30) and (31) are rewritten as
where a prime denotes a derivative with respect to z. Removingφ from (33) by using (34), we are left with the following first-order differential equation forĤ:
Note in passing that 1 + 3BĤ + 12MĤ 2 = 0 should be required for any z so that (34) can always be solved forφ. Note also that, in the limitĤ → ∞, Eq. (35) takes the form
which yields the desired behavior of the Hubble parameter at early times, namely, H → const · a −3/2 ∝ (1 + z) 3/2 . Equation (29) is used to determine the matter energy density ρ m . In terms of the matter density parameter Ω m0 := 8πG N ρ m /3H 2 | z=0 , Eq. (29) can be written as
showing that Ω m0 is fixed by the parameters M , A, and B.
We will see that (35) can be solved analytically. However, before proceeding let us look for the parameter region that fulfills the requirements [A]-[D] in order for (27) to be a viable dark energy model.
B. Viable parameter region
Now we apply the requirements [A]-[D] mentioned in §III A to the present case and find the viable region in the three-dimensional parameter space (M, A, B ) by studying the dynamics ofĤ based on (35) .
We first demand [A], namely, we require thatĤ starts from a large value at some early initial time and approaches to a constant (which we denote byĤ dS ) in the infinite future. Then, the asymptotic valueĤ dS should correspond to the largest stable equilibrium point of (35) . *2 Given thatĤ > 0 and 1 + 3BĤ + 12MĤ 2 = 0,Ĥ dS is given by one of the positive solutions (if they exist) of the following quartic equation:
Provided that this equation has positive solutions, the largest one is a candidate ofĤ dS .
Let us now demand [C], which is equivalent toφ ′ < 0 sinceφ ′ ∝ −φ. Using (34),φ ′ is written aŝ
When M is positive, the factor 1−12MĤ 2 should be negative definite as otherwiseφ ′ changes sign during its evolution. However, this contradicts the fact thatĤ travels toĤ dS because
Hence, in what follows, we require M < 0. In this case, one can show that (38) has at least one positive solution and that the largest solution provides a stable equilibrium point of (35) . Then, this largest solution can be identified aŝ H dS . One can also verify thatĤ ′ > 0 forĤ >Ĥ dS , and therefore one always hasφ ′ < 0 as long as A > 0. Moreover, we requireĤ dS < 1 so that the evolution ofĤ is consistent with the conditionĤ(z = 0) = 1. Given that M < 0, the requirementĤ dS < 1 is satisfied if
Regarding [D] , it is trivially satisfied as
Thus, the requirement [D] does not narrows down the viable parameter region. Finally, let us consider [B] . The present value of the Hubble slow-roll parameter is written as
Requiring ǫ H (z = 0) < 1 to guarantee the accelerated expansion of the Universe at the present time, we have
In summary, the requirements [A]-[D] are satisfied if the following four conditions are fulfilled:
We present two-dimensional sections of the viable parameter region at some fixed values of B in Fig. 1 . The matter density parameter Ω m0 is given in terms of M , A, and B as (37) . For a fiducial value Ω m0 = 0.3, Eq. (37) defines a two-dimensional surface in the parameter space (M, A, B ), which appears as the solid curves in Fig. 1 . For the parameters in the vicinity of these curves, one expects to have a background cosmological evolution that is similar to the one in the currently viable ΛCDM model. 
C. The solution
Having obtained the viable parameter region, now we are in a position to analyze the exact solution to (35) . It is straightforward to integrate (35) to obtain the following algebraic equation forĤ:
where the integration constant C is determined fromĤ(z = 0) = 1 as
Note that (38) is recovered in the limit z → −1.
The Newton's constant (26) and the effective gravitational coupling (23) are given, respectively, by
One can draw some information on the asymptotic behavior of these quantities from (49) and (48) . In the infinite future, we haveĤ ′ → 0, and thus G eff /G N → 1, while for large z whereĤ ∝ (1 + z) 3/2 , we have
As an illustrative example, we plot the evolution ofĤ, ǫ H , and the gravitational couplings for (M, A, B) = (−0.03, 17, −10) in Fig. 2 . Note that this parameter choice fulfills the viability conditions (45) (see Fig. 1a ). From these examples, we see that the background evolution is similar to the conventional ΛCDM model, while the evolution of the density fluctuations can be used to test the extended cuscuton as dark energy. The time variation of Newton's constant can also be used to constrain the model, which, in the present case, is given bẏ
while the observational bound reads |Ġ N /G N | < 0.02H 0 [50] . One can check that the parameter choice (M, A, B) = (−0.03, 17, −10) satisfies this bound. Before proceeding to the concluding section, let us mention some limiting cases where one of the model parameters in (27) is vanishing. When α = 0 (i.e., A = 0), we obtain φ = 0 from (31), which contradicts the assumption that ∂ µ φ is timelike (see §II). On the other hand, when µ = 0 (i.e., M = 0), we obtain G N = G eff = (8πM 2 * ) −1 from (48) and (49), while the spacetime and the cuscuton field can evolve in a nontrivial manner.
V. CONCLUSIONS
The extended cuscuton model is a general class of DHOST theories having a nondynamical scalar field when ∂ µ φ is timelike. In §III, we studied homogeneous and isotropic cosmology in the extended cuscutons described by the action (1) in the presence of a matter field. We derived the background field equations and proposed the requirements [A]-[D] for these theories to serve as a viable dark energy model. Also, we investigated scalar perturbations to derive the evolution equation for the density fluctuations and the gravitational Poisson equations. In §IV, we turned to more specific discussions using a simple model (27) that can be solved analytically. The model parameter α appears as a coefficient of √ 2X, which is typical in the original cuscuton model. On the other hand, the parameters µ and β characterize the difference from the original model. In order to avoid technical complexity, we defined dimensionless parameters M , A, and B, corresponding to µ, α, and β, respectively. We obtained the viable region in the parameter space (M, A, B) which satisfies the requirements [A]- [D] . We also plotted the evolution of the dimensionless Hubble parameterĤ, the Hubble slow-roll parameter ǫ H , the ratio of the effective gravitational coupling G eff to the Newton's constant G N , and G N normalized by its present value for the parameter choice (M, A, B) = (−0.03, 17, −10), which lies in the viable parameter region. We found that the background evolution in this model can mimic the conventional ΛCDM model while the evolution of the density fluctuation deviates from the one in the ΛCDM case. Moreover, this set of parameters satisfies the observational constraint on the time variation of the Newton's constant, |Ġ N /G N | < 0.02H 0 . Hence, one can test the extended cuscuton as dark energy by observations associated with the density fluctuations, e.g., the integrated Sachs-Wolfe effect or weak gravitational lensing, which we leave for future study.
As mentioned in §II, in general, extended cuscutons have an extra half DOF on top of two tensor modes [27] . Nevertheless, at least up to linear perturbations on a homogeneous and isotropic background, we found no pathology caused by this half DOF. However, we may encounter some inconsistencies in higher-order perturbations or on another background. We hope to discuss this point in the near future.
